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Abstract
The N = 2 supersymmetric KdV equation of Inami and Kanno
is bilinearized employing the Hirota method and the existence of N
soliton solutions is demonstrated. The exact form of the solutions are
explicitly obtained and an interesting symmetry of the equations of
motion is observed.
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Supersymmetric generalizations of integrable systems have been a field of
considerable interest since the KdV equation was incorporated in a supersym-
metric framework [1, 2]. Apart from being a nonlinear equation of widespread
applicability, it has added significance as equations of the KdV type arise in
the context of 2D quantum gravity [3]. Moreover its supersymmetric exten-
sions are important, since it is believed that a fundamental physical theory
must possess supersymmetry. Various aspects of integrability of supersym-
metric equations have been extensively studied mainly by extending the Lax
formalism to the supersymmetric situation. The biHamiltonian structures
of the superKdV as well as the superKP hierarchies have been obtained by
suitably formulating the Gelfand Dikii method for the supersymmetric sys-
tems [4, 5]. Many of the techniques used in the bosonic integrable systems
have been extended to the supersymmetric version of the theory. Mention
may be made of the Backlund tranformations [6], the Painleve analysis [7],
the Darboux transformations [8] and the τ -functions [9] vis a vis the soli-
ton solutions which have been generalized to the supersymmetric framework.
However, a powerful and general method of generating soliton solutions in
bosonic nonlinear differential equations, namely the Hirota bilinear method
[10] has been applied to supersymmetric extensions of only a few nonlinear
systems; these have been mainly N = 1 supersymmetric equations [11, 12].
But the bilinear method for N = 2 supersymmetric equations are yet to be
studied.
A supersymmetric system of special interest is the N = 2 KdV equation
formulated by Inami and Kanno [13] from the non-standard superLax rep-
resentation. It was later shown that this system could be obtained from the
reduction of a N = 2 superKP hierarchy [14] arising out of the non-standard
flow equation. Even though integrability of this system has been established
from the existence of biHamiltonian structures [5], its bilinear form as well as
its soliton solutions are known only when certain conditions are imposed on
the superfields [15]. In this letter, an attempt is made to bilinearize N = 2
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supersymmetric systems, embedded in N = 1 superspace, following Hirota’s
method and to obtain soliton solutions. This will be a generalization of the
earlier work [15] in the sense that no constraints on the superfields have been
imposed. As an example, the supersymmetric generalization of Hirota bilin-
ear method is considered for N = 2 supersymmetric KdV equation of Inami
and Kanno. Specifically, soliton solutions of the Inami Kanno equation are
obtained by casting it in the bilinear form and existence ofN soliton solutions
are shown to exist thereby establishing the integrability of the system.
The Inami Kanno equation [13] is given by
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where [ n ] denotes the nth derivative with respect to the D operator, defined
by
D =
∂
∂θ
+ θ
∂
∂x
(3)
and u
−1 and u0 are superfields of conformal spin 1 and 3/2 respectively. It
is clear from the form of the equations that they are two coupled N = 1
supersymmetric equations which in the limits u
−1 = 0 and u0 = 0 reduce
to the N = 1 KdV equation and the N = 1 mKdV equation [1, 2, 16]
respectively. Interestingly, in yet another limit, namely u0 = Du−1 both
the equations (1,2) acquire an identical form and ultimately reduce to the
N = 1 mKdV equation. All these reductions are bilinearizable and N soliton
solutions exist for each of them [11, 12, 15]. On the other hand, the bosonic
limit of (1,2) gives rise to a set of coupled equations of the form
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where the super fields are written in the component forms as
u
−1 = u
b
−1 + θu
f
−1 (6)
and
u0 = u
f
0 + θu
b
0 (7)
The first equation, (4) is nothing but the mKdV equation, whereas the second
one, (5) is a coupled one and reduces to the KdV equation if ub
−1 is set to
zero. The bosonic equations can be shown to be integrable and possess N
soliton solutions.
In order to cast the supersymmetric equations (1,2) in the bilinear form,
we transform the superfields as
u
−1 = 2D
2 log
τ1
τ2
(8)
for u
−1 and
u0 = 2D
3 log τ1 (9)
for u0. τ1 and τ2 are independent bosonic superfields. Notice that in (9), u0
depends only the superfield τ1, whereas the other superfield u−1 is a function
of both τ1 and τ2.
In terms of the supersymmetric Hirota derivative S [11], defined by
SDnxf.g = (Dθ1 −Dθ2)(∂x1 − ∂x2)
nf(x1, θ1)g(x2, θ2)| x1 = x2 = x
θ1 = θ2 = θ
(10)
where D is ordinary (or bosonic) Hirota derivative, the N = 2 super KdV
equations can be cast in the following bilinear form:
(SDt + SD
3
x)(τ1.τ1) = 0 (11)
(SDt + SD
3
x)(τ2.τ2) = 0 (12)
D2x(τ1.τ2) = 0 (13)
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The bilinear forms in (11,12,13), indeed, ensure the existence of one and two
soliton solutions of N = 2 KdV equations (1,2).
For one soliton solution, we use the the following forms of the τ -functions:
τ1 = 1 + αe
η (14)
and
τ2 = 1 + βe
η (15)
α and β in (14,15) are nonzero bosonic parameters. The parameters α and
β can be determined from the initial value conditions. In (14,15),
η = kx+ ωt+ ζθ (16)
where k and ω are the bosonic parameters and ζ is the Grassmann odd
parameter.
Substituting (14) and (15) back into third equation of the Hirota form of
the superKdV equation (13), we find the non-trivial solutions exist provided
β = −α. (17)
The dispersion relation, however, follows from (11,12) as
ω + k3 = 0 (18)
which is identical to that for the bosonic KdV or mKdV equations. In obtain-
ing the dispersion relation the following property of the superHirota operator
has been used.
SDn (eη1 .eη2) = (k1 − k2)
n [− (ζ1 − ζ2) + θ (k1 − k2)] e
η1+η2 (19)
The fermionic parameter, ζ , however, remains arbitrary at the one soliton
level.
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The explicit forms of the the soliton solutions for the superfields u
−1 and
u0 may be found by substituting the τ - functions in (8) and (9) respectively.
Explicitly
u
−1 = −(2k)cosech(φ+ γ0)− θ(2kζ)cosh(φ+ γ0)cosech
2(φ+ γ0) (20)
and
u0 = −
1
2
kζsech2
1
2
(φ+ γ0) + θ
k2
2
sech2
1
2
(φ+ γ0) (21)
where we have chosen φ = kx − k3t and α = −β = eγ0 , γ0 being nonzero,
real parameter. The bosonic and fermionic components of the superfields are
easily found by comparing (20) and (21) with (6) and (7). It is observed that
the soliton solution of ub
−1 becomes isomorphic to the mKdV soliton and u
b
0
to the KdV soliton as expected.
If we choose α to be negative in (14), the solutions for u
−1 and u0 become
u
−1 = (2k)cosech(φ+ γ0) + θ(2kζ)cosh(φ+ γ0)cosech
2(φ+ γ0) (22)
and
u0 =
1
2
kζcosech2
1
2
(φ+ γ0)− θ
k2
2
cosech2
1
2
(φ+ γ0) (23)
Interestingly, the solutions (20,21) and (22,23) are connected through the
transformations
u
−1 = −u−1 (24)
and
u0 = u0 −Du−1 (25)
On the other hand, at the equation level, the Inami Kanno equations remain
invariant with respect to the transformations (24,25). Evidently, α→ −α is
a symmetry of the the equations of motion. At the τ functions level (8,9),
in fact, this symmetry is manifested in the tranformation τ1 → τ2 and vice
versa and thus will be observed at the N soliton solutions.
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The existence of one soliton solution, however, does not ensure the exact
integrability in the Hirota formalism. In order that integrability be estab-
lished, at least three soliton solution must exist. The one soliton solution
fixes the arbitrary parameters in the trial solutions. On the other hand, the
interaction term is determined by the two soliton solutions, and its form re-
mains unchanged for all higher solitons if the system is truly integrable. In
fact, if the equations of motion can be cast in the bilinear form, one and two
soliton solutions can be always determined. It is thus necessary to show the
existence of at least three soliton solution, which checks the consistency of
the solution.
The τ1 for the N soliton of the N = 2 superKdV may be written as
τ1 =
∑
µi=0,1
exp


N∑
i,j=1
φ(i, j)µiµj +
N∑
i=1
µi(ηi + logαi)

 (i < j) (26)
where Aij = e
φ(i,j). For τ2 we replace αi by βi and Aij by Bij. In particular,
for the two soliton solution of the superKdV equations τ functions may be
written in the form
τ1 = 1 + α1e
η1 + α2e
η2 + α1α2A12e
η1+η2 (27)
and
τ2 = 1 + β1e
η1 + β2e
η2 + β1β2B12e
η1+η2 (28)
where
η1 = k1x+ ω1t + ζ1θ (29)
and
η2 = k2x+ ω2t + ζ2θ (30)
In (29,30) the parameters k1, k2, ω1 and ω2 are bosonic, while ζ1 and ζ2 are
fermionic ones, as before. If we consider α1 = −β1, α2 = −β2,
A12 = B12 =
(k1 − k2)
2
(k1 + k2)2
(31)
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and
k1ζ2 = k2ζ1 (32)
the two soliton solutions in (27,28) satisfy the the bilinear forms (11,12,13)
leading to the dispersion relations
ω1 + k
3
1 = 0 (33)
and
ω2 + k
3
2 = 0 (34)
The condition (32) relating fermionic and bosonic parameters is necessary
to obtain A12 and B12, given in (31) consistently. It will also be seen that
the constraint on the parameters is crucial in demonstrating the existence of
three soliton solutions.
The explicit forms of τ1 and τ2 for the three soliton solution are
τ1 = 1 + α1e
η1 + α2e
η2 + α3e
η3 + α1α2A12e
η1+η2 + α1α3A13e
η1+η3
+α2α3A23e
η2+η3 + α1α2α3A12A13A23e
η1+η2+η3 (35)
and
τ2 = 1 + β1e
η1 + β2e
η2 + β3e
η3 + β1β2B12e
η1+η2 + β1β3B13e
η1+η3
+β2β3B23e
η2+η3 + β1β2β3B12B13B23e
η1+η2+η3 (36)
where
ηi = kixx+ ωit + ζiθ (i = 1, 2, 3) (37)
Notice that the three soliton solution does not contain any new unknown
parameter; it is expressed in terms of the parameters of the two soliton
solutions only. These forms of three soliton solution give rise to a set of
nontrivial relations among the parameters, which determine the consistency
7
of the solutions. In the three soliton solution we find the interaction term
from (11) or (12), in the same way as for two solitons. Explicitly,
Aij = Bij =
(ki − kj)
2
(ki + kj)2
(i, j = 1, 2, 3; i 6= j) (38)
This, in turn, imposes the the following constraint on the fermionic parame-
ters:
kiζj = kjζi (i, j = 1, 2, 3; i 6= j) (39)
The interaction term Aij can also be found from the third bilinear form (13)
and is identical to (38). It is found by direct substitution that the three
soliton solutions (35) and (36) are consistent with conditions derived from
the one and two soliton solutions. This proves that the N = 2 super KdV
equation of Inami and Kanno is also integrable from the Hirota point of view.
In conclusion, this is a first attempt to bilinearize N = 2 supersymmetric
equation and to obtain N soliton solutions. The example considered here
is the N = 2 KdV equation of Inami and Kanno which has two interesting
N = 1 limits. If u
−1 is set to zero, it reduces to N = 1 KdV equation,
whereas by choosing the limit u0 = 0 or u0 = Du−1, it becomes N = 1
mKdV equation. The fermionic parameter ζ plays a trivial role at the one
soliton solution level, but at the higher soliton level it is intimately related
with the bosonic parameters and eventually the conditions become essential
to show the existence of N soliton solutions vis a vis the integrability of the
system.
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